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Abstract
A generalized spin Sutherland model including a three-body potential is proposed.
The problem is analyzed in terms of three first-order differential-difference operators,
obtained by combining SUSYQM supercharges with the elements of the dihedral
group D6. Three alternative commuting operators are also introduced.
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1
In recent years, the Sutherland one-dimensional N -particle model [1] and its rational
limit, the Calogero model [2], have received considerable attention in the literature because
they are relevant to several important physical problems (for a list of references, see e.g. [3]).
The Sutherland problem can be analyzed in terms of a set of N commuting first-order
differential-difference operators [4], related to the root system of the AN−1 algebra [5] and
known in the mathematical literature as Dunkl operators [6]. Use of the latter leads to a
Hamiltonian with exchange terms, connected with an extension of the model for particles
with internal degrees of freedom, referred to as the spin Sutherland problem [7, 8].
A similar type of approach can be employed [9] for other integrable models related to
root systems of Lie algebras [5].
In the present letter, we shall deal with a generalized Sutherland three-particle problem
including an extra three-body trigonometric potential. Such a problem is related to the
exceptional Lie algebra G2, whose Weyl group, of order 12, is the dihedral group D6 [5].
In contrast with the approaches used elsewhere [4, 6, 7, 8, 9], our starting point will be
an analysis of the problem in supersymmetric quantum mechanics (SUSYQM), thereby
emphasizing the link between Dunkl operators and SUSYQM.
Let us consider a system of three particles on a circle of length pi/a interacting via
long-range two- and three-body potentials. Its Hamiltonian is defined by
H = −
3∑
i=1
∂2i + ga
2
3∑
i,j=1
i 6=j
csc2 (a(xi − xj)) + 3fa2
3∑
i,j,k=1
i 6=j 6=k 6=i
csc2 (a(xi + xj − 2xk)) , (1)
where xi, i = 1, 2, 3, 0 ≤ xi ≤ pi/a, denote the particle coordinates, ∂i ≡ ∂/∂xi, and g, f
are assumed not to vanish simultaneously and to be such that g > −1/4, f > −1/4. In the
case where g 6= 0 and f = 0, Hamiltonian (1) reduces to the Sutherland Hamiltonian [1].
Throughout this paper, we shall use the notations xij ≡ xi − xj , i 6= j, and yij ≡
xi + xj − 2xk, i 6= j 6= k 6= i, where in the latter, index k is suppressed as it is entirely
determined by i and j. Except where otherwise stated, we shall assume that the particles
are distinguishable. In the case of indistinguishable particles, an additional symmetry
requirement has to be imposed on the wave functions.
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For distinguishable particles, the unnormalized ground-state wave function of Hamilto-
nian (1), is given by ψ0(x) =
∏
i 6=j |sin(axij)|κ |sin(ayij)|λ, and corresponds to the eigenvalue
E0 = 8a
2(κ2 + 3κλ+ 3λ2), where
κ ≡
{
1
2
(1 +
√
1 + 4g) if g 6= 0
0 if g = 0
, λ ≡
{
1
2
(1 +
√
1 + 4f) if f 6= 0
0 if f = 0
, (2)
or, equivalently, g = κ(κ − 1), f = λ(λ − 1). The proof of this result is based upon the
trigonometric identities
∑
i,j,k
i 6=j 6=k 6=i
cot(axij) cot(axjk) =
∑
i,j,k
i 6=j 6=k 6=i
cot(ayij) cot(ayjk) = 2,
∑
i,j,k
i 6=j 6=k 6=i
cot(axij) cot(ayjk) = 4. (3)
The three-particle Hamiltonian (1) can be alternatively considered as that of a particle
in three-dimensional space. By using the Andrianov et al generalization of SUSYQM for
multidimensional Hamiltonians [10], H −E0 can therefore be regarded as the H(0) compo-
nent of a supersymmetric Hamiltonian Hˆ = diag
(
H(0), H(1), H(2), H(3)
)
with supercharge
operators Qˆ+, Qˆ− =
(
Qˆ+
)†
. The matrix elements of the latter can be expressed in terms
of six differential operators
Q±i = ∓∂i − κa
∑
j 6=i
cot(axij)− λa

∑
j 6=i
cot(ayij)−
∑
j,k
i 6=j 6=k 6=i
cot(ayjk)

 , i = 1, 2, 3, (4)
which are obtained from the ground-state wave function by using the recipe Q±i = ∓∂i +
∂iχ(x), where χ(x) = − lnψ0(x). In terms of such operators, H(0) = Q+i Q−i while H(3) =
Q−i Q
+
i . Apart from some additive constant, the latter turns out to be given by (1) with
g = κ(κ− 1), f = λ(λ− 1) replaced by g = κ(κ + 1), f = λ(λ+ 1), respectively.
Let us now transform the supercharge operators Q−i of Eq. (4) into some differential-
difference operators
Di = ∂i − κa
∑
j 6=i
cot(axij)Kij − λa

∑
j 6=i
cot(ayij)Lij −
∑
j,k
i 6=j 6=k 6=i
cot(ayjk)Ljk

 , (5)
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by inserting some finite group elements Kij and Lij ≡ KijIr. Here Kij are particle per-
mutation operators, while Ir is the inversion operator in relative-coordinate space. In the
centre-of-mass coordinate system to be used in the remainder of this paper, they satisfy
the relations
Kij = Kji = K
†
ij, K
2
ij = 1, KijKjk = KjkKki = KkiKij,
KijIr = IrKij, Ir = I
†
r , I
2
r = 1, (6)
Kijxj = xiKij , Kijxk = xkKij , Irxi = −xiIr, (7)
for all i 6= j 6= k 6= i. The operators 1, Kij, Kijk ≡ KijKjk, Ir, Lij , and Lijk ≡ KijkIr,
where i, j, k run over the set {1, 2, 3}, are the 12 elements of the dihedral group D6 [11].
From their definition and Eqs. (6), (7), it is obvious that the differential-difference op-
erators Di are both antihermitian and D6-covariant, i.e., D
†
i = −Di, KijDj = DiKij,
KijDk = DkKij , and IrDi = −DiIr, for all i 6= j 6= k 6= i. After some straightforward, al-
though rather lengthy, calculations using again the trigonometric identities (3), one obtains
that their commutators are given by
[Di, Dj] = −a2
(
κ2 + 3λ2 − 4κλIr
) ∑
k 6=i,j
(Kijk −Kikj) , i 6= j, (8)
and that
−∑
i
D2i = −
∑
i
∂2i + a
2
∑
i,j
i 6=j
csc2(axij)κ(κ−Kij) + 3a2
∑
i,j
i 6=j
csc2(ayij)λ(λ− Lij)
−6a2
(
κ2 + 3λ2
)
− a2
(
κ2 + 3λ2 + 12κλIr
)
(K123 +K132) . (9)
From Eq. (8), it is clear that the operatorsDi do not commute among themselves, except
in the a→ 0 limit, i.e., in the rational case considered many years ago by Wolfes [12], and by
Calogero and Marchioro [13]. Furthermore, Eq. (9) shows that the generalized Hamiltonian
with exchange terms
Hexch = −
∑
i
∂2i + a
2
∑
i,j
i 6=j
csc2(axij)κ(κ−Kij) + 3a2
∑
i,j
i 6=j
csc2(ayij)λ(λ− Lij) (10)
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only differs by some exchange operators from the Hamiltonian
∑
i pi
2
i , written in terms of
the generalized momenta pii = pi
†
i = −iDi. In those subspaces of Hilbert space wherein
(Kij, Lij) = (1, 1), (1,−1), (−1, 1), or (−1,−1), Hexch reduces to Hamiltonian (1) corre-
sponding to (g, f) = (κ(κ − 1), λ(λ − 1)), (κ(κ − 1), λ(λ + 1)), (κ(κ + 1), λ(λ − 1)), or
(κ(κ+ 1), λ(λ+ 1)), respectively.
As in the case of the Sutherland problem [8], we can try to reformulate the present one
in terms of some commuting, albeit non-covariant, differential operators Dˆi. Let
Dˆi = Di + iκa
∑
j 6=i
αijKij + iλa

∑
j 6=i
βijLij −
∑
j,k
i 6=j 6=k 6=i
βjkLjk

 , (11)
where αij and βij are some real constants. With such a choice, the transformed operators
remain antihermitian, i.e., Dˆ†i = −Dˆi. We shall assume in addition that αji = −αij and
βji = βij. This assumption is justified by the fact that for λ = 0 [8], the operators (11)
with αij = −αji = −1, i < j, do fulfil the required property
[
Dˆi, Dˆj
]
= 0.
From definition (11) and the D6-covariance of Di, the new operators Dˆi have the fol-
lowing transformation properties under D6:
KijDˆj − DˆiKij = −iκa

2αij + ∑
k 6=i,j
(αik − αjk)Kijk


−iλa ∑
k 6=i,j
(βik − βjk) Ir (Kijk + 2Kikj) , i 6= j, (12)
[
Kij , Dˆk
]
= ia [κ (αik − αjk)− λ (βik − βjk) Ir] (Kijk −Kikj) ,
i 6= j 6= k 6= i, (13)
{
Ir, Dˆi
}
= 2iκa
∑
j 6=i
αijLij + 2iλa

∑
j 6=i
βijKij −
∑
j,k
i 6=j 6=k 6=i
βjkKjk

 . (14)
Hence, they can only be covariant provided αij = βij = 0, i.e., when they coincide with the
Di’s.
By using various properties of the operators Di, as well as the relation
∑
iDi = 0 valid
in the centre-of-mass coordinate system, it is straightforward to show that if the constants
αij , βij fulfil the three relations
α12α23 + α23α31 + α31α12 = −1, β12β23 + β23β31 + β31β12 = −1, (15)
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(α23 − α31)β12 + (α31 − α12)β23 + (α12 − α23)β31 = 4, (16)
then the operators Dˆi commute among themselves, and Hexch only differs by some additive
constant from the Hamiltonian
∑
i pˆi
2
i , where pˆii = pˆi
†
i = −iDˆi. Furthermore, this additive
constant can be set equal to zero by normalizing αij and βij in such a way that the relations
α212 + α
2
23 + α
2
31 = 3, β
2
12 + β
2
23 + β
2
31 = 3, (17)
are satisfied.
The constants αij = −αji = −1, i < j, used in Ref. [8], do fulfil the first relation in
both Eqs. (15) and (17). It should be stressed however that such equations admit other
solutions too. It is then easy to prove that the remaining three relations in (15)–(17)
admit four, and only four, solutions for the βij’s, compatible with this choice for the αij ’s:
(β12, β23, β31) = (−1, 1, 1), (−1, 1,−1), (−5/3, 1/3, 1/3), and (−1/3, 5/3,−1/3).
A relation can be established between Hexch and a Hamiltonian H(κ,λ) describing a one-
dimensional system of three particles with SU(n) “spins” (or colours in particle physics
language), interacting via spin-dependent two and three-body potentials,
H(κ,λ) = −∑
i
∂2i + a
2
∑
i,j
i 6=j
csc2(axij)κ(κ− Pij) + 3a2
∑
i,j
i 6=j
csc2(ayij)λ(λ− P˜ij). (18)
Here each particle is assumed to carry a spin with n possible values, and Pij, P˜ij ≡ PijP˜
are some operators acting only in spin space. The operator Pij is defined as the operator
permuting the ith and jth spins, while P˜ is a permutation-invariant and involutive operator,
i.e., P˜ σi = σ
∗
i P˜ , for some σ
∗
i such that Pjkσ
∗
i = σ
∗
i Pjk for all i, j, k, and σ
∗∗
i = σi. For
SU(2) spins for instance, σi = ±1/2, Pij = (σai σaj + 1)/2, where σa, a = 1, 2, 3, denote
the Pauli matrices, P˜ may be taken as 1 or σ11σ
1
2σ
1
3 , and accordingly σ
∗
i = σi or −σi. The
operators Pij and P˜ satisfy relations similar to those fulfilled by Kij and Ir (cf. Eqs. (6)
and (7)), with xi and −xi replaced by σi and σ∗i respectively. Hence 1, Pij, Pijk ≡ PijPjk,
P˜ , P˜ij , and P˜ijk ≡ PijkP˜ realize the dihedral group D6 in spin space. Such a realization
will be referred to as D
(s)
6 to distinguish it from the realization D
(c)
6 in coordinate space,
corresponding to Kij and Ir.
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The Hamiltonian H(κ,λ) remains invariant under the combined action of D6 in coor-
dinate and spin spaces (to be referred to as D
(cs)
6 ), since it commutes with both KijPij
and IrP˜ . Its eigenfunctions corresponding to a definite eigenvalue therefore belong to a
(reducible or irreducible) representation of D
(cs)
6 . For indistinguishable particles that are
bosons (resp. fermions), only those irreducible representations ofD
(cs)
6 that contain the sym-
metric (resp. antisymmetric) irreducible representation of the symmetric group S3 should
be considered. There are only two such inequivalent representations, which are both one-
dimensional and denoted by A1 and B1 (resp. A2 and B2) [11]. They differ in the eigenvalue
of IrP˜ , which is equal to +1 or −1, respectively.
In such representations, for an appropriate choice of the parameters κ, λ, H(κ,λ) can be
obtained from Hexch by applying some projection operators. Let indeed ΠB± (resp. ΠF±)
be the projection operators that consist in replacing Kij and Ir by Pij (resp. −Pij) and
±P˜ , respectively, when they are at the right-hand side of an expression. It is obvious that
ΠB±(Hexch) = H(κ,±λ), and ΠF±(Hexch) = H(−κ,±λ). If Hexch has been diagonalized on a
basis of functions depending upon coordinates and spins, then its eigenfunctions Ψ(x,σ) are
also eigenfunctions of H(κ,±λ) (resp. H(−κ,±λ)) provided that (Kij − Pij)Ψ(x,σ) = 0 (resp.
(Kij + Pij)Ψ(x,σ) = 0) and (Ir ∓ P˜ )Ψ(x,σ) = 0. We shall not pursue the determination
of the eigenfunctions of H(κ,λ) any further, leaving a detailed derivation for a forthcoming
publication.
In conclusion, in the present letter we did propose a three-body generalization of the
Sutherland problem with internal degrees of freedom, related to a corresponding prob-
lem with exchange terms. For the latter, we did construct both D6-covariant, but non-
commuting, and commuting, but non-D6-covariant differential-difference operators, in
terms of which the Hamiltonian can be expressed in a very simple way. We did show
that whereas the former operators can be derived in a well-defined way from SUSYQM
supercharges, there is some freedom in the choice of the latter.
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